Paper / Subject Code: UMTC110/ MATHEMATICS - METRIC SPACES

B

9° Library UMTCI110

Total No. of Printed Pages: 04
B. Sc. Course (CBCS) Ordinance (Sem-VI)

EXAMINATION MAY 2023
MATHEMATICS - METRIC SPACES

[Time: 3 Hours] [Max. Marks:120]

Instructions: 1) All questions are compulsory (Internal choices are available)
2) Figures to the right indicate full marks.
3) Use to non-programmable calculators is allowed.
4) Symbols have their usual meanings.

Q.1 Attempt any five of the following: 5x4=20

a) Let (X, d) be a metric space and let d”: X X X — R be defined by

N
d*(x,y) = min{1,d(x,y)}. Then show that 4" is a metric on X.

b) Show that every subset of a describe metric space is both open and closed.

c) Let A= [6, 8] be a subset of the sub space (Y, d")of the metric space (R, du)'
where d, is the usual metricand Y = [0,4] U [5,8]. Then paid(i) A** =

Interior of Ais (Y, d") and
(ii) A°>* = Interior of A is (R, d, ), where d,is the usual metric on R.

d) Let (X, d) be a metric space and let x,, yo € X. If (x;;) is a sequence in X which converges
to xq, Then show that the sequence (d(xy o)) in (R, d,) converges to sequence
d (X, ¥o), where d,, is the usual metric in R.

e) Let (X, d) be a metric space and let (x,,) be a usually Cauchy sequence is X. If (y,,) is
another sequence is X, which converges to y, € X and d (xn,yn) < 1/,1 vn € N, then
show that (x,,) also converges to y,

f) Show that the metric space { C ,d is complete . where

dCzeaZa) =l Zy~Zal VZ2,2: €X
g) Let E be a subset of a subspace (Y, d") of a metric space (X, d). Then show that E is d*
connected if and only if E is d- connected.

Q.11 Attempt any five of the following: 5x4=20

a) Show that (R, d,,) is not compact, where d, is the usual metric.
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b) Let (X,d) bea metric space & A bea connected subset of X. Then shows that A is also
connected.

¢) Show that a closed subset of a compact set is a metric space is compact.

d) Is ([0, 1].d") a compact metric space? Where d* is the discrete metric. Justify your
answer.

¢) Let f = (R, d") = (R,d,) bean arbitrary map. Where d" is the discrete metric on R and
d, is the usual metric on R will fbe a continuous map? Justify your answer.

f) Let (X, d) & (Y,d2) be two metric spaces and f: (X,dy) = (Y,d3) bea distance
preserving map. i.¢., d,(x,y) = dz(f (). f () ¥xy EX. Show that f is continuous.

g) LetA&B be connected subspace of a metric space (X, d) and ANB=# ¢. Then show that
A U B is connected.

A) Attempt any one (a) or (b) form the following.

a)
i) Show that if a set G is open is (R?, d,,). then it is open in (R?, d3). where 05
d.(%,7) = max{lx; — yil 1x2 = y,|} and dz(%.7) =V (xy —y)*+ (2= ¥2)?
for all X = (X1, X2)&5-’ = (}’1- yz) € RZ
ii) Let(X.d)bea metric space and A be a subset of X. Then show that A=A ifis 05
closed. where 4 is the closure of A.
b) 5
i) Show thatifalet G is open in (R?,d,), then it is open in (R?,dy), where 0F
dy(%,5) =%~ yil + 1x2 — y2| and d,(%,y) = \/(—xl —y)i+ (- y2)? for
all = (g, %2)&¥ = (1, ¥2) € R?
1) Find the boundary of Q in (R, d,), where d,, is the usual metric. 2%
2) Is Q dense in (R, d"), where d* is the discrete metric? Justify your answer. 24
B) Let (X, d)bea complete metric space and Y-be a sub space of X. Then show that Y is 10

<Complete if and only if Y is closed.
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i) Consider the Non linear space(C[0, 1], || ||o). Show that the map
F:(C[0,1],]] |l) — (R, d},) defined by F(f) = fol f(t)dt is continuous on
([0,1], where d,,is the usual metric on R.
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Q.IV A) Attempt any one (a) or (b) from the following.
a)
i) Let (X,d)& (Y,d,) be two metric spaces and let f be a mapping from X into Y, 05
then show that f is continuous on X, if and only if for every
G dyopeninY, f~1(G)is d, —openin X.
ii) Let (X, d) be a metric space and D be a dense subset of X. if f is a continuous map- 05
ping from X into itself, such that f(x) = x for all xeD, their show that f'is Iden-
tity on X
b)
i) Let (X,d;)& (Y,d;) be two metric spaces and let f be a mapping from X into Y. 05
Then show that f'is continuous on X if and only if for each xeX, the inverse image
\ of every d, — neighbourhood of f(x) is a d, - neighborhood of x.
ii) Let (X,d;)& (Y, d;) be two metric spaces X be connected and “F” be a continuous 05
mapping from X into Y. then show that f{X) is connected.
B) State and prove the Lebesgue Covering Lemma. 10
Q.V A) Attempt any one (a) or (b) from the following.
a)
i) Show that every sequentially compact metric space (X, d) is totally bounded. 05
ii) Show that a subset A of (R, d,) is compact if and only if A is bounded and closed, 05
where d,, is the usual metric on R.
b)
i) Let(X,d)&(Y,d;) be two metric spaces, let X be compact metric space and f be 05
a continuous mapping from X into Y. then show that f(x) is compact in Y.
ii) Show that every compact subset A of a metric space (X, d) is closed. 05
B) Show that a subset E of (R, d,,) is connected if and only if E is an interval, where d, is
that usual metric. 10
Q.VI A) Attempt any one (a) or (b) from the following
a)
05
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ii) Let D be dense subset in the metric space (X, d;). Let (Y, d;) be another metric 05
space and f: X — Y be a continuous onto map. Then show that f(D) is dense in Y.

b)
i) Let (0, 1] and [1,00) be subspaces of (R, d,,), where d,, is the usual metric in R. 05
show that the function F: (0,1] — [1, o) defined by f(x)=%Vxe (0,1] is a contin-
uous bisection.
ii) Let F: R — R be such that f~*(a, ) & f~*(—o0,b) are open in (R, d,) for any 05
a,beR & d,, is the usual metric on R. There show that fis continuous on R.
B) Show that a metric space is connected if and only if every continuous function 10

f: X — {£1} is a constant function.



