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Instructions: 1. All questions are compulsory. However internal choice is/are available.  

  2. Figures to the right indicate maximum marks to each question/sub question. 

  3. Use of non-programmable calculator is allowed.  

  

Q.1. Answer any four of the following:                                                                        (16)  

a) Find the rank of the following matrix. 

[
1 2 3
4 5 6
7 8 9

] 

b) Solve the following system of equations for 𝑥 using Cramer’s Rule. 

2𝑥 + 3𝑦 + 4𝑧 = 9 

𝑥 + 𝑦 + 2𝑧 = 4 

2𝑥 + 𝑧 = 3 

c) Find the adjoint of the following matrix. Also find its inverse if it exists. 

[
1 4 3
2 3 3
1 2 1

] 

d) Show that the intersection of any two subspaces of a vector space V is also a subspace 

of V. 

e) Define a line 𝑙(𝑝; 𝑑) in a vector space V, where 𝑝 ∈ 𝑉, 𝑑 ∈ 𝑉 𝑎𝑛𝑑 𝑑 ≠ 0. 

Hence, show that 𝑙(𝑝; 𝑑) = 𝑙(𝑞; 𝑑) if and only if (𝑞 − 𝑝) is a multiple of 𝑑. 

f) Show that the set 𝑋 =  {(𝑥, 𝑦, 𝑧)  ∈ ℝ3 | 2𝑥 +  3𝑦 −  𝑧 =  4 } is an affine space of 

ℝ3. 

 

Q.2. Answer any four of the following:                                                                  (16)  

a) Let 𝑇: 𝑉 → 𝑉 be a linear transformation then show that, 𝑇 is one-one if and only if 

kernel of 𝑇 = {0} 

b)  Let 𝑆 = {𝑣1, 𝑣2, 𝑣3} where  𝑣1 = (1,2,1), 𝑣2 = (2,1, −4), 𝑣1 = (3, −2,1) 

Verify if 𝑆 is an orthogonal basis of ℝ3 and express 𝑣 = (3,7, −4) as a linear 

combination of vectors  𝑣1, 𝑣2, 𝑣3. 

c) Suppose  𝑉 is a real inner product space. 

Show that ‖𝑥 + 𝑦‖2 + ‖𝑥 − 𝑦‖2 = 2(‖𝑥‖2 + ‖𝑦‖2), for any two vectors 𝑥, 𝑦 ∈ 𝑉 

d) Let 𝑉 = ℝ2  

 define 〈𝑥, 𝑦〉 = 𝑦1(𝑥1 + 2𝑥2) + 𝑦2(2𝑥1 + 5𝑥2), where 𝑥 = (𝑥1, 𝑥2), 𝑦 = (𝑦1, 𝑦2) 

Show that this defines an inner product on ℝ2. 

e) Show that for a linear transformation 𝑇: 𝑉 → 𝑉, the eigen vectors corresponding to 

two distinct eigen values are linearly independent. 

f) Define the following terms. 

i.  Eigen Value 

ii. Eigen Vectors 

Find all eigen values and their corresponding eigen vectors for the following matrix. 

[
1 2
0 2

] 
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Q.3. A. Answer any one of the following:                                                                           (6) 

a) Solve the following system of equations. 

2𝑥1 + 3𝑥2 + 𝑥3 − 𝑥4 = 8 

3𝑥1 + 𝑥2 − 2𝑥4 = 3 

𝑥1 + 𝑥2 + 𝑥3 − 𝑥4 = 3 

2𝑥1 + 2𝑥2 + 𝑥3 + 4𝑥4 = 11 

b) Reduce the following matrix to its row echelon form.  

         [

1 2 7 2
2 3 1 3
2 5 4 4
1 3 4 3

] 

Also comment on the nature of the solutions of the system 𝐴�̅� = 0̅. 

 

B.  Find the inverse of the following matrix using row reduction.                                 (6) 

[
2 1 3
1 2 2
3 3 2

] 

 

Q.4. A. Answer any one of the following:                                                                           (6) 

a) Let 𝑆 be a non-empty subset of a vector space 𝑉. Show that linear span of 𝑆 is 

the smallest subspace of 𝑉 containing 𝑆. 

b) Let 𝑊 be a subspace of Vector space V and let 𝑣 ∈ 𝑉 be fixed. Then show that 

the set 𝑆 =  {𝑣 + 𝑤 | 𝑤 ∈ 𝑊} is an affine space. 

 

B. Let 𝑆 = {(1,1,0,0), (0,2,2,0), (0,0,3,3)} be a subset of the real vector space ℝ4.     (6) 

   i. Show that 𝑆 is linearly independent. 

   ii. Write down Linear Span of 𝑆. 

   iii. Extend 𝑆 to a basis of ℝ4.                                                                                      

 

Q.5. A. Answer any one of the following:                                                                           (6) 

a) 𝑇: ℝ3 → ℝ3 be a linear transformation such that 𝑇(−1,0,1) = (1,0,0),    

       𝑇(0,1, −1) = (0,1,0) and 𝑇(1, −1,1) = (0,0,1) 

      i.  Find 𝑇(𝑥, 𝑦, 𝑧) 

      ii. Find the matrix of 𝑇 with respect to the standard basis. 

b)  State and Prove the Rank-Nullity Theorem.      

 

B. Define 𝑇: ℝ3 → ℝ3 by 𝑇(𝑥, 𝑦, 𝑧) = (𝑥 + 𝑧, 𝑥 + 𝑦 + 2𝑧, 2𝑥 + 𝑦 + 3𝑧)                 (6)                                                                     

   i. Show that T is a linear transformation  

   ii. Find a basis of kernel of T.  

   iii. Find a basis of the image of T. 

 

Q.6. A. Answer any one of the following:                                                                           (6) 

a) Diagonalize the following matrix. 

[
1 3 4
0 3 1
0 0 2

] 

b) Let 𝑉 be a real inner product space.  

      Show that |〈𝑥, 𝑦〉| ≤ ‖𝑥‖‖𝑦‖ ,  for any  𝑥, 𝑦 ∈ 𝑉. 

B. Using the Gram-Schmidt process, transform the basis B into an orthonormal basis 

of ℝ3 where, 𝐵 = {(1,1,1), (−1,1,0), (1,2,1)} of ℝ3                                             (6) 

*************************************************** 


