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Instructions: i) All questions are compulsory

)

1)

V)

i1) Figures to the right indicate full marks
iii) Use of non programmable calculators is allowed.

Answer any four of the following questions. (4x4=16)

1) Given 9 integers from the set {1,2,3, ...,16}, show that there will always be
two among the selected integers whose greatest common divisor is 1.

2) Prove that there exists a positive integer n such that 44™ — 1 is divisible by
7.

3) Let the sequence {a,} be such that a, = 0 and
Apny1 =ag+a, +a, + -+ a, +n+ 1V n € N. Show that the equality
a, = 2™ — 1 holds V n.

4) How many permutations of [n] have 3 3-cycles, 2 2-cycles and 2 1-cycles?

5) State and prove the principle of weak induction.

6) For all positive integers n and k (where k < n), give a combinatorial proof

for the following fact.
n 1
() * (k) =Gia)

Answer any four of the following questions. (4x4=16)
1. How many compositions does the integer 15 have whose first part is 1?

2. For all non-negative integers n, show that B(n + 1) = Y\i (:l) B(i)(where
B(Kk) denotes the k™ Bell number).

3. How many three-digit positive integers contain two but not three different
digits?

4. Show that the number of n-permutations having only one cycle is equal to
(n-1)!

5. State and prove the generalized pigeonhole principle.

6. How many subsets does [n] have that contain exactly one of the elements 1
and 2?

Answer the following questions. (6x2=12)
A) Answer any one of the following.
) Show that the total number of subsets of an n-element set is equal to
2",
i) Show that the number of k-element multisets whose elements all
n+k-— 1),)
I :
B) Show that for all positive integers k < n
S(nk)=S(n—1,k—1)+kS(n—1,k)
Where S(n,k) denotes the number of partitions of [n] in k parts.

belong to [n] is (

Answer the following questions. (6x2=12)
A) Answer any one of the following.
) Show that for all non-negative integers n and a4, a,, ..., a; such that
n =YX | a;, the following equality holds
n _ n n_al_"'_ai n_al_az_”'_ak_l
(all a2; ey ak) - (al) ( ai-l'-l ) ( ak )
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V)

VI)

i) For all positive integers n, show that the following equality holds.
n

22 5 x (n—1) = Zk(k—n(’;)
k=2

B) Ifa,,;, =(n+1)(a, —n+ 1) forn > 0anda, = 1, then find a closed
formula for a,,.

Answer the following questions. (6x2=12)
A) Answer any one of the following.
) Show that the number of weak compositions of n into k parts is

equal to (n -I: EI 1), where n and k are positive integers.

i) Let A, A,, ..., A, be finite sets. Then show that

n
|JA; UA,UA; U ..UA,| = Z(—l)f‘l Z Ay NA, N N4
j=1 i1,i2,ij
B) Let c(n, k) denote the number of n-permutations with k cycles for positive
integers n and k with n > k. Then show that
cink)=cn—1,k—1)+(n—-1cn—-1,k)

Answer the following questions. (6x2=12)
A) Answer any one of the following.
) Let g(n) be the number of partitions of n in which each part is at

least 2. Then show that g(n) = p(n) — p(n — 1) for all positive
integers n > 2.

i) The frog population of an infinitely large lake grows fourfold each
year. On the first day of each year 100 frogs are taken out of the lake
and shipped to another lake. Assuming that there were 50 frogs
originally, how many frogs will be there in n years?

B) A football coach has n players to work with at today’s practice. First, he
splits them into two groups, and asks the members of each group to form
line. Then he asks the members of the first group to take on an orange,
white, or a blue T-shirt. Members of the other group keep their red T-shirt.
In how many different ways can all this happen?
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