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I) Answer any five of the following.                   (2x5 = 10) 

1) Given 𝑛 + 1 integers from the set {1,2,3, … ,2𝑛}, show that there will 

always be two among the selected integers whose greatest common divisor 

is 1. 

2) Prove that there exists a positive integer 𝑛 such that 44𝑛 − 1 is divisible by 

7. 

3) Give a combinatorial proof for the following identity where 𝑛, 𝑘, 𝑚 are non-

negative integers such that 𝑘 + 𝑚 ≤ 𝑛. 
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4) Let the sequence {𝑎𝑛} be such that 𝑎0 = 0 and  

𝑎𝑛+1 = 𝑎0 + 𝑎1 + 𝑎2 + ⋯ + 𝑎𝑛 + 𝑛 + 1 ∀ 𝑛 ∈ ℕ. Show that the equality 

𝑎𝑛 = 2𝑛 − 1 holds ∀ 𝑛. 

5) How many compositions does the integer 15 have whose first part is not 1? 

6) How many partitions of the set {1,2,3,4,5} contain at least one of the 

singleton blocks {1} and {5}? 

7) What is the number of partitions of  [8] into two blocks in which the two blocks 

do not have the same size? 

8) Compute the values of 𝑐(5, 𝑘) for 𝑘 = 1,2,3,4,5. 

 

II) Answer any four of the following questions.        (5x4 = 20) 

1) Find an explicit formula for 𝑎𝑛 if 𝑎0 = 1, 𝑎𝑛+1 = 3𝑎𝑛 + 2𝑛, if 𝑛 ≥ 0. 

2) How many 3-digit numbers are there in which the sum of the digits is even? 

3) All n soldiers of a military squadron stand in a line. The officer in-charge 

splits the line at several places forming smaller non-empty units. Then he 

names one person in each unit to be the commander of that unit. Let ℎ𝑛 be 

the number of ways he can do this. Find a closed formula for ℎ𝑛. 
4) A certain kind of insect population multiplies so that at the end of each year, its 

size is the double of its size a year before, plus 1000 more insects. Assuming that 

originally we released 50 insects, how many of them will we have at the end of 

the 70th year? 

5) Let 𝑖 and 𝑗 be two elements of 𝑛. Then show that 𝑖 and 𝑗 are in the same cycle in 

exactly half of all permutations. 

6) Find a closed formula for 𝑆(𝑛, 2). Use this to obtain a formula for 𝑆(𝑛, 3). 
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